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GOLODNESS AND POLYHEDRAL PRODUCTS FOR TWO DIMENSIONAL
SIMPLICIAL COMPLEXES
KOUYEMON IRIYE AND DAISUKE KISHIMOTO
Abstract. Golodness of 2-dimensional simplicial complexes is studied through polyhedral
products, and combinatorial and topoogical characterization of Golodness of surface triangu-
lations is given. An answer to the question of Berglund [B] is also given so that there is a
2-dimensional simplicial complex which is rationally Golod but is not Golod over Z/p.
1. Introduction
Throughout this paper, letK denote a simplicial complex on the vertex set [m] := {1, . . . , m}.
The Stanley-Reisner ring of K over a commutative ring k is by definition
k[K] := k[v1, . . . , vm]/(vi1 · · · vik | {i1, . . . , ik} 6∈ K)
where we assume |vi| = 2 for convenience. The Stanley-Reisner rings have been a prominent ob-
ject in combinatorial commutative algebra, and have been also a constant source of applications
in a broad area of mathematics. In this paper we focus on the property of the Stanley-Reisner
rings called Golodness which has been intensively studied in combinatorial commutative alge-
bra. Originally Golodness of a graded k-algebra R is defined by a certain equality involving
the Poincare´ series of the cohomology of R, and Golod [G] showed that this is equivalent to the
triviality of products and (higher) Massey products in the positive part of the derived algebra
Tor+k[v1,...,vm](R, k), where R is the quotient of k[v1, . . . , vm] and the ring structure is induced
from that of the Koszul resolution of k over k[v1, . . . , vm]. Golodness of K is defined by that of
k[K], so we have:
Definition 1.1. A simplicial complex K is Golod over k if all products and (higher) Massey
products in Tor+k[v1,...,vm](k[K], k) are trivial, where the ring structure is induced from the Koszul
resolution of k over k[v1, . . . , vm].
Remark 1.2. It is claimed in [BJ] that the condition on (higher) Massey products in the defi-
nition of Golodness, i.e. K is Golod over k if and only if all products in Tor+k[v1,...,vm](k[K], k)
are trivial. But this is recently shown to be false in [K2].
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We simply say that K is Golod if it is Golod over any ring. Since the Stanley-Reisner ring of
K is isomorphic to the cohomology of a space which is now called the Davis-Januszkiewicz space
[DJ], we can study the Stanley-Reisner rings by investigating the topology of spaces related to
the Davis-Januszkiewicz spaces. In particular, there is a ring isomorphism
(1.1) H∗(ZK ; k) ∼= Tor
∗
k[v1,...,vm](k[K], k),
so we aim at characterizing Golodness in terms of the topology of ZK , where ZK is a space
called the moment-angle complex forK and is related to the Davis-Januszkiewicz space through
a certain homotopy fibration [DS]. The easiest case that K is Golod is when ZK is a co-H-space,
and in [IK] it is shown that the existence of a co-H-structure on ZK is implied by triviality of a
certain filtration of the real moment-angle complex RZK which is called the fat wedge filtration
and will be explained later. As an application, we showed:
Theorem 1.3 ([IK, Theorem 11.8]). For a 1-dimensional K, the following conditions are
equivalent;
(1) K is Golod;
(2) the 1-skeleton of K is chordal;
(3) The fat wedge filtration of RZK is trivial.
In this paper, we continue to study Golodness through the fat wedge filtration of RZK when
K is 2-dimensional, which is suggested in [IK]. We will prove:
Theorem 1.4. For a surface triangulation K, the following conditions are equivalent:
(1) K is Golod;
(2) K is 1-neighborly;
(3) The fat wedge filtration of RZK is trivial.
Remark 1.5. (1) Although 1-neighborliness always implies Golodness of 2-dimensional sim-
plicial complexes by Theorem 2.4 below, Golodness does not imply 1-neighborliness if
we only assume thatK is 2-dimensional, that is, K is a 2-dimensional simplicial complex
which is not a surface triangulation. Indeed if K is generated by facets {1, 2, 3}, {3, 4}
for m = 4, then ZK ≃ (S
1 × S1) ∗ S1, implying K is Golod but is not 1-neighborly.
(2) The implication (1) ⇒ (2) of Theorem 1.4 is generalized when K is a triangulation of a
higher dimensional manifolds by Kattha¨n [K2].
We apply the method developed for a 2-dimensionalK in proving Theorem 1.4 to the question
of Berglund [B] which we recall here.
Question 1.6. Is there a simplicial complex which is Golod over Q but is not Golod over Z/p?
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Theorem 1.7. There is a triangulation of the 2-dimensional mod p Moore space which is Golod
over Q but is not Golod over Z/p.
Remark 1.8. Kattha¨n [K1] also studied Question 1.6 and gave an example of a simplicial
complex K which is Golod over Q and is not Golod over Z/p. Our approach to Question
1.6 is purely topological and Kattha¨n’s approach is purely algebraic.
2. Polyhedral products and their fat wedge filtrations
This section collects facts on a polyhedral product ZK(CX,X) and its fat wedge filtration
that we will use. We refer to [IK] for details. For a sequence of pairs of spaces (X,A) :=
{(Xi, Ai)}i∈[m], the polyhedral product is defined by
ZK(X,A) :=
⋃
σ∈K
(X,A)σ (X1 × · · · ×Xm)
where (X,A)σ = Y1 × · · · × Ym for Yi = Xi (i ∈ σ) and Yi = Ai (i 6∈ σ). Let X := {Xi}i∈[m]
be a sequence of pointd spaces, and put (CX,X) := {(CXi, Xi)}i∈[m]. We consider the special
polyhedral product ZK(CX,X), where it is the moment angle complex when Xi = S
1 for all
i and is the real moment-angle complex RZK when Xi = S
0 for all i. We introduce the fat
wedge filtration of ZK(CX,X). Put
Z iK(CX,X) := {(x1, . . . , xm) ∈ ZK(CX,X) | at least m− i of xi’s are the basepoints}
for i = 1, . . . , m. We regard ZKI (CXI , XI) as a subspace of ZK(CX,X) by using the basepoints
of Xi’s, where KI := {σ ∈ K | σ ⊂ I} is the full subcomplex of K on I and XI = {Xi}i∈I for
I ⊂ [m]. Then we have
Z iK(CX,X) =
⋃
I⊂[m], |I|=i
ZKI (CXI , XI).
We now get a filtration
∗ = Z0K(CX,X) ⊂ Z
1
K(CX,X) ⊂ · · · ⊂ Z
m
K (CX,X) = ZK(CX,X)
which is called the fat wedge filtration of ZK(CX,X). As in [IK], in studying the fat wedge
filtration of ZK(CX,X), that of RZK is especially important. We recall some properties of the
fat wedge filtration of RZK shown in [IK].
Theorem 2.1 ([IK, Theorem 3.1]). There is a map ϕKI : |KI | → RZ
|I|−1
KI
for each ∅ 6= I ⊂ [m]
such that RZ iK is RZ
i−1
K attached cones by the maps ϕKI : |KI | → RZ
i−1
KI
⊂ RZ i−1K for all
I ⊂ [m] with |I| = i.
We say that the fat wedge filtration of RZK is trivial if ϕKI is null homotopic for any
∅ 6= I ⊂ [m].
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Theorem 2.2 ([IK, Theorem 1.2]). If the fat wedge filtration of RZK is trivial, then for any
X there is a homotopy equivalence
ZK(CX,X) ≃
∨
∅6=I⊂[m]
|ΣKI | ∧ X̂
I
where X̂I :=
∧
i∈I Xi.
We next recall two criteria for triviality of the fat wedge filtration of RZK . A minimal non-
face of K is a subset σ ⊂ [m] such that σ 6∈ K but σ− v ∈ K for any v ∈ σ. In particular, if σ
is a minimal non-face of K, then K ∪ σ is a simplicial complex.
Proposition 2.3 (cf. [IK, Theorem 7.2]). Let K̂ be a simplicial complex obtained from K by
adding all minimal non-faces of K. The map ϕK : |K| → RZ
m−1
K factors through the inclusion
|K| → |K̂|.
K is called k-neighborly if any subsets with k + 1 elements of [m] is a simplex of K, or
alternatively, the k-skeleton of ∆[m] is included in K, where ∆[m] denotes the full simplex on
the vertex set [m].
Theorem 2.4 ([IK, Theorem 1.6]). If K is ⌈dimK
2
⌉-neighborly, the fat wedge filtration of RZK
is trivial.
In general we cannot describe the fat wedge filtration of ZK(CX,X) by a cone decomposition
as in Theorem 2.1. But as for the moment-angle complex ZK we have:
Theorem 2.5 ([IK, Theorem 5.1]). There is a map ϕ̂KI : |KI | ∗ S
|I|−1 → Z
|I|−1
KI
for each
∅ 6= I ⊂ [m] such that Z iK is Z
i−1
K attached cones by the maps ϕ̂KI : |KI | ∗ S
i−1 → Z i−1KI ⊂ Z
i−1
K
for all I ⊂ [m] with |I| = i.
We say that the fat wedge filtration of ZK is trivial if ϕ̂KI is null homotopic for any ∅ 6= I ⊂
[m]. Then in particular, if the fat wedge filtration of ZK is trivial, ZK is a co-H-space, implying
K is Golod. For a later use, we directly connect triviality of ϕK to that of ϕ̂K .
Lemma 2.6. If a cofibration f : A→ X is null homotopic, so is the induced map
A ∗ Sm−1 = (CA× Sm−1) ∪ (A×Dm)→ ((X ∪f CA)× S
m−1) ∪ (X ×Dm).
Proof. Since f is a cofibration, the quotient map X ∪f CA→ X/A is a homotopy equivalence,
so is also the map
((X ∪f CA)× S
m−1) ∪ (X ×Dm)→ (X/A× Sm−1) ∪ (X ×Dm)
since these spaces are compatible homotopy puchouts of homotopy equivalent spaces, where
the target is defined by the quotient map q : X → X/A. By the null homotopy for f , we can
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shrink the composite
A ∗ Sm−1 → ((X ∪f CA)× S
m−1) ∪ (X ×Dm)→ (X/A× Sm−1) ∪ (X ×Dm)
into ∗ ×Dm, so it is null homotopic. Then since the second arrow is a homotopy equivalence,
the proof is completed. 
Proposition 2.7. ϕ̂K is null homotopic whenever so is ϕK .
Proof. By the construction in [IK], ϕ̂K factors through the map
|K| ∗ Sm−1 = (C|K| × Sm−1) ∪ (|K| ×Dm)→ (RZK × S
m−1) ∪ (RZm−1K ×D
m),
where the second arrow is the restriction of the map C|K| ×Dm → RZK ×D
m = (RZm−1K ∪ϕK
C|K|)×Dm. Thus the proof is done by Lemma 2.6. 
3. Proof of Theorem 1.4 and 1.7
We first prove Theorem 1.4 by starting with a well-known description of Golodness.
Proposition 3.1 (Hochster [H]). If K is Golod over k, then the inclusion KI∪J → KI ∗KJ is
trivial in cohomology with k coefficient for any ∅ 6= I, J ⊂ [m] with I ∩ J = ∅.
We next consider the following easy lemma which immediately follows from Proposition
2.3. Let hodimK and connK denote the homotopy dimension and the connectivity of K,
respectively.
Lemma 3.2. If there is a simplicial complex L satisfying K ⊂ L ⊂ K̂ and hodimK ≤ connL,
then ϕK is null homotopic.
We specialize to the case hodimK ≤ 1 which is essentially the same as the proof of the
implication (2) ⇒ (3) of Theorem 1.4 in [IK].
Proposition 3.3. If the 1-skeleton of K is chordal and hodimK ≤ 1, then ϕK is null homo-
topic.
Proof. Let L′ be a simplicial complex obtained from K by adding all 2-dimensional minimal
non-faces. Then since the 1-skeleton of K is chordal, every connected component of L′ is the 2-
skeleton of the flag complex of a chordal graph, implying that every connected component of L′
is simply connected. Thus by connecting components of L′ by minimal non-faces of dimension
1, we obtain a simply connected simplicial complex L satisfying K ⊂ L ⊂ K̂. Therefore the
proof is completed by Lemma 3.2. 
Corollary 3.4. Suppose K is a 2-dimensional simplicial complex such that hodimKI ≤ 1 for
any ∅ 6= I ( [m] and the 1-skeleton of K is chordal. Then the fat wedge filtration of RZK is
trivial if and only if ϕK is null homotopic.
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Proof. The statement is equivalent to that under the same condition on K, ϕKI is null homo-
topic for any ∅ 6= I ( [m], which immediately follows from Proposition 3.3. 
Proof of Theorem 1.4. The implication (2) ⇒ (3) follows from Theorem 2.4, and (3) ⇒ (1)
follows from Theorem 2.2 since ZK becomes a suspension. Then we show (1) implies (2). In
the proof of [IK, Proposition 8.17] it is shown that if K is Golod over some ring, then the
1-skeleton of K is chordal. Since K is a surface triangulation, we have hodimKI ≤ 1 for any
∅ 6= I ( [m]. Then by Corollary 3.4 it remains to show that ϕK is null homotopic. Assume (2)
does not hold. Then there are vertices v, w which are not connected by an edge. Since K is a
surface triangulation, the link of K, say lkK(v), is homeomorphic to a circle. By considering
the development of K we see that |lkK(v)| is a retract of the full subcomplex |K[m]−{v,w}|. In
particular, the composite
|K| → |(K[m]−{v,w}) ∗ {v, w}| ∼= |K[m]−{v,w}| ∗ |{v, w}| → |lkK(v)| ∗ |{v, w}|
is homotopic to the pinch map onto the top cell. Thus by Proposition 3.1, K is not Golod over
Z/2, completing the proof. 
We next prove Theorem 1.7.
Proposition 3.5. Suppose K is a 2-dimensional simplicial complex such that hodimKI ≤ 1
for any ∅ 6= I ( [m]. If |K| ∗ Sm−1 is rationally contractible, then K is rationally Golod.
Proof. By Proposition 2.7 and Corollary 3.4, ϕ̂KI is null homotopic for any ∅ 6= I ( [m]. If
|K| ∗ Sm−1 is rationally contractible, (ϕ̂K)(0) is null homotopic. So since localization preserves
homotopy cofibrations of simply connected spaces, we get that (ZK)(0) becomes a suspension
by Theorem 2.5, competing the proof by (1.1). 
Remark 3.6. In the proof of Proposition 3.5 we must consider the fat wedge filtration of ZK
since that of RZK is a sequence of cofibrations of non-simply connected spaces which are not
preserved by localization in general.
We now construct a triangulation of the 2-dimensional mod pMoore space which is rationally
Golod but is not Golod over Z/p. For p = 2 letM(p) be the triangulation of the projective plane
illustrated in Figure 1 below. For p > 2, let M(p) be the triangulation of the 2-dimensional
mod p Moore space defined by:
(1) Take a 3p-gon which is a p-fold cover of a triangle with vertices v1, v2, v3;
(2) Draw a p-gon with vertices w1, . . . , wp, and give facets {v1, v2, wi}, {v2, v3, wi} for i =
1, . . . , p;
(3) Drow one more p-gon with vertices u1, . . . , up, and give facets {v3, v1, ui}, {v3, ui, wi},
{v1, ui, wi+1}, {ui, wi, wi+1} for i ∈ Z/p;
(4) Triangulate the p-gon w1 · · ·wp by giving facets {wi, wi+1, wp} for i = 1, . . . , p− 2.
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The case p = 4 is illustrated in Figure 2 below. Let G be a graph. For a vertex v, let NG(v)
be the neighborhood of v, that is, the set of vertices adjacent to v. We say that a set of
vertices forms a clique in G if each of two vertices in the set are adjacent. Let {a1, . . . , an}
be the vertex set of G. An ordering a1 < · · · < an is called a perfect elimination ordering if
NG(ai) ∩ {ai+1, . . . , an} forms a clique in G for i = 1, . . . , n− 1. The following characterization
of chordality is well known.
Lemma 3.7. A graph G is chordal if and only if there is a perfect elimination ordering on the
vertex set of G.
For p > 2 we have
NM(p)(1)(vi) = {vi+1, vi+2, w1, . . . , wp, u1, . . . , up} for i ∈ Z/3,
NM(p)(1)(wi) = {v1, v2, v3, wi−1, wi+1, ui−1, ui} ∪Wi for i ∈ Z/p,
NM(p)(1)(ui) = {v1, v3, wi, wi+1} for i ∈ Z/p,
where W1 = Wp−1 = ∅,Wp = {w2, . . . , wp−2} and Wi = {wp} for i = 2, . . . , p − 2. Then
u1 < · · · < up < w1 < · · · < wp < v1 < v2 < v3 is a perfect elimination ordering, so the
1-skeleton of M(p) is chordal by Lemma 3.7. On the other hand, one easily sees that any
proper full subcomplex of M(p) is of homotopy dimension ≤ 1 for p > 2. For p = 2, one can
easily verify that the 1-skeleton of M(2) is chordal, and any proper full subcomoplex of M(2)
is of homotopy dimension ≤ 1. We here record the properties of M(p) that we have observed.
Lemma 3.8. The 1-skeleton of M(p) is chordal for any p, and any proper full subcomplex of
M(p) is of homotopy dimension ≤ 1.
We now prove the following which guarantees Theorem 1.7.
Theorem 3.9. M(p) is rationally Golod but is not Golod over Z/p.
Proof. By Proposition 3.5 and Lemma 3.8, M(p) is rationally Golod since ΣM(p) is rationally
contractible. We proveM(p) is not Golod over Z/p by the same method as the proof of Theorem
1.4. For p = 2, |lkM(2)(7)| is a retract of |M(2)[5]|, and the composite
|M(2)| → |M(2)[5] ∗ {6, 7}| = |M(2)[5]| ∗ |{6, 7}| → |lkM(2)(7)| ∗ |{6, 7}| ∼= S
2
is homotopic to the pinch map onto the top cell. Then the composite is non-trivial in the
2-dimensional mod 2 cohomology, hence M(2) is not Golod over Z/2. For p > 2, we choose
w1, wp−1 instead of 6, 7 for M(2), and can show that M(p) is Golod over Z/p by the same way.
Therefore the proof is completed. 
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